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1 Introduction
Supersymmetric partition functions and supersymmetric indices are powerful and well-
developed tools to study supersymmetric quantum eld theories, their local operators and
extended defects. They are often computable by generalizations of the supersymmetric
localization techniques of [1].
These tools are typically available for theories endowed with a certain minimum amount
of supersymmetry, depending on the specic setup, with special structures emerging in more
supersymmetric situations.
The main subject of this note is a collection of protected correlation functions of local
operators on a three-sphere, which are available for 3d theories endowed with N = 4
supersymmetry.
The three-dimensional sphere partition function [2] or its ellipsoid S3b deformation [3]
are well-dened for three-dimensional theories with N = 2 supersymmetry. They depend
on the squashing parameter b and on a collection of \real masses" associated to global
symmetries.
A three-dimensional theory with N = 4 supersymmetry can be treated as an N = 2
theory with a special global symmetry generator arising from the N = 4 R-symmetry.
When the corresponding real mass is tuned to a particular value, the b-dependence drops
out and the partition function acquires new features. Lacking a better name, we will refer
to it as the \special sphere partition function".1
The special sphere partition function can be enriched by a variety of BPS observables
which are only available in theories with N = 4 supersymmetry. The BPS observables of
3d N = 4 theories include local operators whose expectation values dene the Higgs and
Coulomb branches of the theory [4{6].
One can either decorate the special sphere partition function by a collection of Coulomb
branch local operators at any point along a specic great circle S1 in the S3, or by a collec-
tion of Higgs branch operators (see gure 1). These correlators will behave as a twisted trace
on the quantized Coulomb or Higgs branch algebras of the 3d theory, as dened in [7{10].
The special sphere partition function Z(m; ) depends on two sets of parameters,
\masses" m and \FI parameters" . The quantum Coulomb branch algebra ACm depends
on the masses and the twisting in the corresponding trace TrC depends on the FI param-
eters. The opposite is true for the quantum Higgs branch algebra AH . Overall, we must
have relations
Z(m; ) = TrC 1C = Tr
H
m1H (1.1)
where 1C and 1H are the units in ACm and AH respectively.
1See appendix B for details on this specialization. As discussed below, it is an analogue of the Schur index.
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Figure 1. A collection of Higgs/Coulomb branch operators Oi along a great circle S1 in the S3.
Several obvious questions arise. What selects TrC and Tr
H
m among all possible twisted
traces on the respective algebras? Do they have special mathematical properties? The
space of traces on the Higgs/Coulomb branch algebra appears, for example, in the \quan-
tum Hikita conjecture" [11].
In the main body of the paper we nd strong evidence of an \IR formula" for the
sphere correlators, applicable to theories with massive, trivial, isolated vacua. The formula
makes manifest the expansion of the sphere correlators into a natural basis in the space of
twisted traces.
Massive trivial vacua v of 3d N = 4 theories are associated to Verma modules V Cv
and V Hv for the quantum Coulomb/Higgs algebras [12]. The association depends on a
choice of chamber in the space of FI parameters or masses. The same data also determines
certain eective mixed Chern-Simons couplings kv which enter in the central charge m 
kv   of the vacuum v [13]. This data is the zero-th level piece of the Symplectic Duality
correspondence [14].
One can obtain twisted traces Tr
V Cv
 and Tr
V Hv
m simply by taking weighted traces over
the Verma modules.2 Although the modules are innite-dimensional, the highest weight
condition make the traces convergent in an appropriate chamber in the spaces of masses
or FI parameters. Furthermore, one observes that
Tr
V Cv
 1C = e
2imkv fCv ();
TrV
H
v
m 1H = e
2imkv fHv (m): (1.2)
We conjecture that
Z(m; ) =
X
v
!ve
2imkv fCv ()f
H
v (m): (1.3)
Here !v is a fourth root of unity which we expect to encode background gravitational or
R-symmetry Chern-Simons couplings.
2The twisted trace of quantized Higgs branch algebra which only admits generic masses has been also
discussed in [15] by reducing the VOA characters.
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Furthermore, we conjecture that
hOCi  TrC OC =
X
v
!vf
H
v (m)Tr
V Cv
 OC (1.4)
and
hOHi  TrHmOH =
X
v
!vf
C
v ()Tr
V Hv
m OH (1.5)
where OC and OH are the Coulomb and Higgs branch operators respectively.
Our formula implies surprising constraints on the Verma module characters. The left
hand side must be invariant under crossing walls in the spaces of FI and mass parameters,
but the sum on the right hand side is completely reorganized across walls. Furthermore,
individual terms on the right hand side have poles as a function of m and  which are
absent on the left hand side, and thus must cancel in the sum.
1.1 Generalizations and open questions
This paper leaves several natural open problems.
 It should be possible to justify our conjectures by a careful localization analysis of the
special sphere partition function, perhaps focussing on vortex congurations along
one great circle of the three-sphere analogous to these studied in [12].
 Most aspects of our conjecture could be proven by a careful combinatorial analysis
of the residue structure of the localization integrals.
 We have not explored the connection to the quantum Hikita conjecture and other
aspects of the Symplectic Duality program. It would be interesting to do so.
 A natural generalization involves theories with vacua which are massive but topolog-
ically non-trivial, as it may happen if there is a discrete unbroken gauge symmetry.
The category \O" of nice highest weight modules has a more complicated structure
and our formula would require important modications.
 A factorization of the ellipsoid partition function for N = 2 theories with massive
vacua was observed before [16, 17]. It involves a sum of products of certain \holo-
morphic blocks" depending on exp ib2. It would be nice to verify if the two factor-
izations will match as the R-symmetry real mass is specialized. It should be the case,
as both factorizations emerge from a sum-of-residues evaluation of the localization
integral.
 The sphere partition function can be enriched by Wilson loops and vortex loops,
exchanged by mirror symmetry [18]. The local operators on line defects dene gen-
eralizations of the Higgs or Coulomb branch algebras of physical and mathematical
interest [19, 20]. The decorated sphere partition function gives a trace on these alge-
bras. Our conjectures can be extended accordingly in the presence of line defects.
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 The partition function Z(0; 0) at the superconformal point is particularly interest-
ing. The quantum Higgs and Coulomb branch algebras at the superconformal point
have an independent cohomological denition which endows them with unexpected
unitarity properties [21{24]. Individual terms in our IR formula diverge at the su-
perconformal point, complicating a direct comparison.
 The partition function Z(0; 0) is an important observable in holography. In the
large N limit, the partition functions for 3d SCFTs with M-theory duals provide
gauge theory derivation of the N
3
2 growth of the numbers of degrees of freedom of
N M2-branes predicted in [25]. The N
3
2 behavior of the S3 partition function was
rstly discovered in [26] for ABJM model whose M-theory dual is AdS4  S7=Zk.
It also shows up in a large class of 3d N = 3 [27{30] and N = 2 [31{39] Chern-
Simons matter theories whose M-theory duals are AdS4  Y7 where Y7 are Sasaki-
Einstein manifolds in such a way that the S3 free energy is proportional to N
3
2 with
the coecient depending on the volume of Y7. It would be interesting to give an
holographic interpretation for our formula, perhaps by turning on the analogues of 
and m on the supergravity side to study the dual to Z(m; ).
 Although our formula should be valid for any N = 4 SQFTs, we will only test it on
\standard" gauge theory examples. It would be interesting to extend the analysis to
N = 4 Chern-Simons theories [40{46].
 The \Schur index" [47{49] is a specialization of the supersymmetric index of four-
dimensional supersymmetric quantum eld theories [47, 50], available for theories
with N = 2 supersymmetry. The Schur index can be enriched by a variety of BPS
observables which are only available in theories with N = 2 supersymmetry, such as
BPS line defects wrapping the S1 factor of the geometry and placed at any point along
a specic great circle in the S3 [51, 52].3 These \Schur correlators" are analogous
to the 3d Coulomb correlators.4 Each BPS line defect L maps to an element L^ in a
certain \quantum Coulomb branch" algebra [56] and the Schur correlation functions
behaves as a (twisted) trace for that algebra, i.e.
hO1O2i = h!(O2)O1i  Tr!O1O2 (1.6)
where ! is an automorphism of the algebra induced from an U(1)r symmetry rotation
by 2 and the operator ordering in the trace is given by the order along the great circle
in the sphere. The quantum Coulomb branch algebra of 4d N = 2 theories is known
mathematically as \quantum K-theoretic Coulomb branch" [9, 10]. For theories of
class S, it is the quantization of a character variety [56]. The Schur correlation
functions can be computed by localization in the UV or by a surprising IR formula
based on Seiberg-Witten theory [52, 57]. The trace property imposes non-trivial
3The Schur index can be also decorated by inserting certain BPS local operators, the so-called Schur
operators [53]. Also see [54] for the inclusion of surface defects.
4The relation between the quantized algebras of 3d N = 4 theories and chiral algebras of 4d N = 2
SCFTs have been also addressed in [15, 55].
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constraints on the Schur correlation functions, which are still poorly studied. Indeed,
the very existence of a (twisted) trace on the quantum Coulomb branch algebra is
a non-trivial mathematical statement. It would also be interesting to characterize
the \Schur" trace within the space of possible (twisted) traces of the algebra. See
appendix A for further comments.
2 3d N = 4 gauge theories
In this section we briey review standard 3d N = 4 gauge theories and present our conven-
tions. The basic data entering the denition of a renormalizable 3d N = 4 gauge theory is
1. A compact Lie group G as a choice of gauge group
2. A linear quaternionic representation5 R of G as a choice of matter content
2.1 Field content
The elds of the theory are collected into a vectormultiplet V transforming in the adjoint
representation of G and a hypermultiplet H transforming in the quaternionic representation
R.
The vectormultiplet V contains a gauge connection A, gauginos , three real scalar
elds ~ = (1; 2; 3) and auxiliary elds D.
The hypermultiplets H contain 4NH real scalar elds which parametrize R4NH with a
hyperkahler structure and spinors  as their superpartners. The quaternionic representa-
tion R of G is a representation with the canonical hyperkahler structure in such a way that
G acts as a subgroup of the hyperkahler isometry group USp(NH) = U(2NH)\Sp(2NH ;C)
of R4NH . We denote the hypermultiplet elds as complex elements Z in R
We often consider the case where the quaternionic representation R is the sum of two
conjugate complex representations: R = R  R and split the hypermultiplet scalars into
pairs of complex scalar elds (X;Y ) = (Xa; Ya)
NH
a=1 2 RR.
2.2 Symmetries
The theories have R-symmetry group SU(2)C  SU(2)H where the two factors respectively
rotate vector and hypemultiplet scalar elds. In other words, they are isometries which
rotate the complex structures on the two branches of vacua parameterized by vector and
hypemultiplet scalar elds. The gauge eld A, gauginos , three vector multiplet scalars
~ and auxiliary elds D transform as (1;1), (2;2), (3;1) and (1;3) while the hypermul-
tiplet scalars (Z; Z) and spinors  transform as (1;2), (1;2), (2;1) and (2;1) under the
SU(2)C  SU(2)H .
The theories have two types of global symmetries. The global symmetry group GH ,
which is called a Higgs branch global symmetry, or simply a avour symmetry, is the
residual symmetry that rotates the NH hypermultiplets. It is formally described as the
5It is also called a symplectic representation.
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normalizer NUSp(NH)(R(G)) of the gauge group G inside USp(NH), modulo the action of
the gauge group:
GH = NUSp(NH)(R(G))=R(G): (2.1)
When the theory has a U(1) factor in the gauge group G, it has a global symmetry
group GC , which is called a Coulomb branch global symmetry, or simply a topological
symmetry. It rotates the periodic dual photons  dened by d = dAU(1) for each Abelian
factor in G. It is the Pontryagin dual of the Abelian part of G:
GC = Hom(1(G);U(1)) ' U(1)# U(1) factors in G (2.2)
and is only carried by monopole operators. In the IR, it may be enhanced to a non-Abelian
group whose maximal torus is (2.2), or an even larger group. The enhanced symmetry mixes
order and disorder operators of the theory.
The global symmetry group GC GH commutes with the R-symmetry.
2.3 Mass parameters and vacua
The Lagrangian of 3d N = 4 gauge theory can be determined by the data (G;R) and the
three dimensionful parameters:
1. A gauge coupling g2YM for each gauge factor.
2. Three mass parameters ~m
3. Three Fayet-Iliopoulos (FI) parameters ~
The gauge coupling does not enter the protected quantities we consider in this paper.
Mass parameters ~m transform as a triplet of SU(2)C and take values in the Cartan
subalgebra tGH of avour symmetry GH . They are obtained as constant background ex-
pectation values of vector multiplet for avour symmetry group GH . The special sphere
partition function will depend on a single mass parameter for each generator of tGH , which
we denote simply as m
FI parameters ~ transform as a triplet of SU(2)H and take values in the Cartan subal-
gebra tGC of avour symmetry GC . They are obtained as constant background expectation
values of scalar elds of twisted vector multiplet for topological symmetry group GC . The
special sphere partition function will depend on a single FI parameter for each generator
of tGC , which we denote simply as 
Turning on generic masses and FI parameters, the classical vacuum equations read
[~; ~] = 0; (~+ ~m)  (X;Y ) = 0; ~+ ~ = 0 (2.3)
where ~ is the classical moment map for the action of gauge group G.
Our main conjecture applies to theories which have isolated massive vacua upon turning
on generic masses and FI parameters. In such a vacuum, a collection of hypermultiplet
elds gains a non-zero vev in order to satisfy the ~ + ~ = 0 moment map constraints.
The hypermultiplet vev forces some vectormultiplet scalars to also get a diagonal vev
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proportional to the masses, in order to satisfy the remaining equations. The resulting vevs
spontaneously break the gauge symmetry, combining the gauge eld and some hypers into
massive gauge bosons. The remaining hypermultiplets are made massive by the masses
and vectormultiplet vevs.
In a massive vacuum, the avour moment maps H receive vevs which are linear in
the ~ parameters. The 3 3 matrix of central charges
~m  kv  ~  ~m  ~H (2.4)
and the m  kv   specialization will play an important role for us.
2.4 The quantized Higgs branch algebra
The Higgs branch operator insertions in the special sphere partition function are certain
position-dependent linear combinations of gauge-invariant polynomials in the hypermul-
tiplet elds. After the dust settles, they can be labelled by elements of the \quantized
Higgs branch algebra" AH , a quantum Hamiltonian reduction of the Weyl algebra with
generators in R.
The quantized Higgs branch also arises as the algebra of topological local operators in
a certain 
 deformation of the gauge theory [7].
Concretely, the Weyl algebra is generated by symbols Z with commutator
[Z; Z ] = ! : (2.5)
Here ! is the symplectic form on R.
The algebra is equipped by an USp(NH) action with generators given by the quantum
moment maps
 = Z(Z): (2.6)
The quantum Higgs branch algebra is generated by gauge-invariant operators, i.e.
polynomials in Z which commute with the gauge moment maps
G = TG  +  (2.7)
where TG are the gauge generators and  the \quantum" Fayet-Iliopoulos parameters, living
in the Abelian subalgebra of the gauge group. We have to quotient the gauge-invariant
subalgebra by the ideal generated by the G.
The quantized Higgs branch algebra is equipped with quantum moment maps H
generating the avour symmetry GH .
2.5 The quantized Coulomb branch algebra
The quantized Coulomb branch also arises as the algebra of topological local operators in
a certain 
 deformation of the gauge theory.
The most basic Coulomb branch BPS insertions are labelled by gauge-invariant poly-
nomials in an adjoint eld '. These commute with each other and equip the quantized
Coulomb branch algebra AC with the structure of an integrable system.
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General Coulomb branch operators, though, are disorder (monopole) operators. A
proper denition of the quantized Coulomb branch algebra AC requires some mathematical
subtlety [9, 10]. See also [58{60]. The algebra can be given an \Abelianized" description as
a subalgebra of a shift algebra [8], generated by certain rational functions in the eigenvalues
'i of ' and some shift operators vn with
vn'i = ('i  ni)vn : (2.8)
The vn satisfy further theory-dependent relations involving the 'i and the \quantum"
mass parameters m.
2.6 The special sphere partition function
The special sphere partition function is given by an integral over the Cartan subalgebra of
the gauge algebra:
Z(m; ) =
1
jW(G)j
Z 1
 1
dxe2ix
Q
 2 sinh  xQ
A 2 coshwA  (x;m)
(2.9)
where x lives in the Cartan subalgebra of G and jW(G)j is the order of Weyl group of
G. The numerator is a contribution from the vectormultiplet, involving the roots  of the
gauge algebra and the denominator has a cosh factor for each hypermultiplet, with wA
being the weight of the A-th hypermultiplet under the gauge and avour Cartan.
A few remarks are in order
 The partition function is originally dened for real  and m and a standard integration
contour along the real axis. It is only well-dened if the theory has \enough" matter,
so that the denominator makes the integral converge. From now on, we will assume
this is the case.
 Turning on an imaginary part for  decreases the rate of convergence. The integral
expression is well-dened in a \physical" strip in the  plane. The analytic continu-
ation beyond the strip is possible, but will have poles.
 Turning on an imaginary part for m risks pinching the contour of integration between
poles of the integrand. Again, the partition function will be well-dened in a physical
strip in the m plane, but will have poles when analytically continued beyond that.
In favourable situations, picking a specic chamber for  allows one to close the inte-
gration contour at innity and evaluate the integral as a sum over residues (gure 2). We
expect this to be the case for the massive theories we are interested in. As the integrand is
periodic under xa ! xa+i, poles of the integrand will come in families whose residues dier
by an overall power of e2 . Re-summing each family would already give an expression of
the form
Z(m; ) =
X
v
!ve
2imkv fCv ()f
H
v (m) (2.10)
for some choices of phases !v, pairing kv and functions f
C
v () and f
H
v (m).
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Figure 2. The integration contour in the complex x plane along the real axis (left) is deformed for
positive FI parameters  so that it encloses sequences of poles in the upper-half plane (right).
The coshwA  (x;m) factors which do not contribute to the pole, together with the
Vandermonde factors, give the functions fHv (m). The sum over residues in the family gives
the functions fCv ().
Associating each family to a choice of vacuum v is a rather simple combinatorial
problem. Each pole receives a contribution from a collection of cosh wA  (x;m) factors,
which we identify with the collection hypers which get a vev in the vacuum. The poles
impose the same linear constraints on x and m which the vacuum vevs impose on ~ and
~m. As a result, the e2ix factor evaluated at the residue matches the expected factor of
e2imkv  for the vacuum up to an overall power of e2 .
The non-trivial statement is that this correspondence should be one-to-one for massive,
topologically trivial vacua: we do not get multiple families from the same collection of cosh
factors. We will see this combinatorics in detail in Abelian examples, but we will not
attempt to nd a general proof.
The identication of the fCv () and f
H
v (m) functions with Verma module characters is
even less obvious. It is somewhat easier for fCv (), as the Coulomb branch Verma modules
have a description in terms of vortex moduli spaces [12]. On the Higgs branch side, the
characterization of the Verma modules for the quantum Hamiltonian reduction is a bit
trickier. A physical discussion can be found in [13]. Rather than trying to justify our
conjecture for the Higgs branch Verma modules, we will focus on the Coulomb branch side
and then appeal to mirror symmetry.
The vortex construction labels a basis for the Coulomb branch module with equivariant
xed points on a vortex moduli space. Intuitively, each xed point corresponds to some
collection of hypermultiplets gaining a position-dependent vev with a zero of order n. We
identify these equivariant xed points with residues associated to the na-th zero of the
a-th cosh factor. The value of x at each residue matches the equivariant weight of the
corresponding basis vector.
As a result, we expect to have an one-to-one correspondence between the non-zero
residues in the contour integral and the equivariant xed points on the vortex moduli
space, leading to the conjectural identication of e2imkv fCv () with the character of the
Verma module associated to the vacuum by the vortex construction.
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2.7 Higgs branch correlators
As mentioned in the Introduction, the Higgs branch sphere correlators behave as twisted
traces on AH . The twist in the trace combines a 1 sign from the action of the center of
SU(2)H and a avour rotation with parameter 2im. Concretely,
hOH1OH2iS3 = ( 1)F1e 2maq
a
1 hOH2OH1iS3 : (2.11)
They have a simple integral expression6
hOHim; =
Z 1
 1
dxe2ix
"Y

2 sinh  x
#
hOHihyperm;x (2.12)
where hOHihyperm;x is the correlation function in the free hypermultiplet theory, with mass
parameters m and x for the avour and gauge symmetry.
As we review in the next section, the free correlation function hOHihyperm;x is fully de-
termined by the twisted trace condition: the Weyl algebra has a canonical, unique twisted
trace, naturally normalized so that
Trhyperm;x 1 =
1Q
A 2 coshwA  (x;m)
(2.13)
and computed by Wick contractions or as a trace on the unique highest weight module.
Furthermore, if we promote e 2x to an element g 2 GC of the complexied gauge
group, inserting a moment map  in the twisted trace is the same as taking a derivative
with respect to g.
The sinh-Vandermonde in the contour integral can be thought of as an analytic con-
tinuation of the usual Haar measure on G to GC. The whole integral can then be morally
interpreted as an integral over a real cycle in GC. Integration by parts implements the
quantum Hamiltonian constraint +  = 0 in the correlation functions.
This statement remains true no matter which integration contour we choose. That
means taking a residue at any pole will still give a collection of correlation functions be-
having as a twisted trace for AH . For a massive theory, this means we can expand
hOHim; =
X
v
!vf
C
v ()Tr
v
mOH (2.14)
for some traces Trvm.
Our conjecture (1.5) requires the identication of these traces with actual traces over
Verma modules. It is a trickier combinatorial problem, which we will not address here.
The mirror statement is a bit simpler.
2.8 Coulomb branch correlators
As mentioned in the Introduction, the Coulomb branch sphere correlators behave as twisted
traces on AC . The twist in the trace combines a 1 sign from the action of the center of
SU(2)C and a avour rotation with parameter 2i. Concretely,
hOC1OC2iS3 = ( 1)F1e 2q

1 hOC2OC1iS3 : (2.15)
6See [4] for the derivation from localization.
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An important simplication comes from the observation that the Abelianized expres-
sions for the Coulomb branch generators are naturally compatible with the localization
integral for the sphere correlators. Once we expand a given observable as a sum over shift
operators
OC =
X
n
Rn(';mC)vn (2.16)
we simply compute7
hOCim; =
Z 1
 1
dxe2ix
Q
 2 sinh  xQ
A 2 coshwA  (x;m)
R0( ix; im): (2.17)
For a massive theory, the sum over residues at x = x within each family would
be modied by a factor of R0( ix; im), which is not periodic. Hence the insertion
will modify the function fCv (). The values of x = x
 which appear in the sum can be
recognized with the equivariant weights of the xed points in the vortex moduli space which
label states in the Verma modules in [12]. This makes it very plausible that the sum over
residues would compute the trace of OC on the Verma modules, leading to (1.4).
3 Free hypermultiplets
It is instructive to look in detail at the twisted traces for the free hypermultiplet quantized
Higgs algebra, i.e. the Weyl algebra generated by symbols Z with commutator
[Z; Z ] = ! : (3.1)
The Weyl algebra has no untwisted trace: every element, including 1, is a commutator
and thus must have zero trace. On the other hand, it has interesting twisted traces. For
example, consider the zero mass correlation functions, which satisfy
hZOi =  hOZi: (3.2)
We can massage that to
hZOi = 1
2
h[Z;O]i (3.3)
which xes all correlators as a sum over Wick contractions.
If we turn on a generic twist,
hZOiM =  M hOZiM (3.4)
with M being a symplectic transformation, we get instead
hZOiM =

(1 +M 1) 1


h[Z ;O]iM : (3.5)
7Also see [4{6].
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3.1 One hypermultiplet with U(1) mass
The most important example for us is a single hypermultiplet with an U(1) mass parameter.
Now we have
[X;Y ] = 1 (3.6)
with
hXOi =  e2mhOXi; hYOi =  e 2mhOY i (3.7)
so that
hXOi = 1
1 + e 2m
h[X;O]i; hYOi = 1
1 + e2m
h[Y;O]i (3.8)
which xes all correlators as a sum over Wick contractions.
The special sphere partition function is naturally normalized to
Zhyper(m) =
1
2 coshm
 1
chm
: (3.9)
With this normalization, we have the expected
hi = sinhm
4 cosh2 m
=   1
2
@mh1i: (3.10)
This type of relation holds for all correlation functions of U(1)-invariant operators.
The twisted trace necessarily agrees in appropriate chambers with the twisted trace
over highest weight modules for the Weyl algebra generated by X and Y . For example, we
can expand for positive m
h1i =
X
n0
( 1)ne 2(n+ 12 )m (3.11)
and
hXY i =
X
n0
(n+ 1)( 1)ne 2(n+ 12 )m; hY Xi =
X
n0
n( 1)ne 2(n+ 12 )m (3.12)
which is the twisted trace on the highest weight module with basis yn, with X acting as
@y and Y as multiplication by y, with fugacity e
2m for X.
We can also expand for negative m as
h1i =
X
n0
( 1)ne2(n+ 12 )m (3.13)
and
hXY i =  
X
n0
n( 1)ne2(n+ 12 )m; hY Xi =  
X
n0
(n+ 1)( 1)ne2(n+ 12 )m (3.14)
which is the twisted trace on the highest weight module with basis xn, with X acting as
multiplication by x and Y as  @x, with fugacity e2m for X.
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4 Abelian examples
4.1 SQED1
The S3 partition function is
ZSQED1 =
Z 1
 1
dx
e2ix
2 coshx
=
1
2 cosh
: (4.1)
This is obviously consistent with mirror symmetry to a single free hyper.
This theory has trivial Higgs branch algebra. The U(1) quantum Hamiltonian reduc-
tion of the Weyl algebra is trivial, as all U(1) invariant operators are polynomials in the
moment map.
\Quantum" Coulomb branch operators are generated by the scalar z and Abelian
monopoles v, with
vz = (z  1)v;
v+v  = z +
1
2
;
v v+ = z   1
2
: (4.2)
This is just the Weyl algebra.
As v have avour charge 1, the only non-zero twisted traces can be hzni. We have
a relation
hp(z)

z   1
2

i = hp(z)v v+i =  e 2hv+p(z)v i =  e 2hp(z + 1)

z +
1
2

i (4.3)
which allows one to compute them recursively. For example,
(1 + e 2)hzi = 1
2
(1  e 2)h1i (4.4)
matches the mirror calculation for hi.
The recursion relation is naturally satised by the integral formula
hp(z)i =
Z 1
 1
dx
e2ix
2 coshx
p( ix) (4.5)
asZ 1
 1
dx
e2ix
2 coshx
p( ix)

 ix  1
2

=  e 2
Z 1
 1
dx
e2ix
2 coshx
p( ix+ 1)

 ix+ 1
2

(4.6)
where the shift of x by i does not lead the contour to catch any poles: the dangerous cosh
pole at x = i2 is cancelled by the explicit factor of ( ix  12).
The integral can be computed by taking  to be positive or negative and deforming the
contour to a sum over residues at  ix = n+ 12 . This sum over residues also has an inter-
pretation as a sum over equivariant vortex congurations in the only vacuum of the theory.
More concretely, the sum over the residues at positive or negative  ix = n+ 12 with an
insertion of p(z) gives sums of the form
P
n( 1)ne 2(n+
1
2
)p(n + 12) which are obviously
twisted traces of p(z) over the highest or lowest weight modules for the quantum Coulomb
branch algebra.
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4.2 SQED2
The S3 partition function is
ZSQED2 =
Z 1
 1
dx
e2ix
chx ch (x+m)
: (4.7)
For positive , we can pick two towers of poles:
 At x =  m+ (n+ 12)i we get
Z
(1)
SQED2
=  
X
n0
e 2(n+
1
2
) 2im
2i sinhm
= i
e 2im
4 sinhm sinh
: (4.8)
 At x = (n+ 12)i we get
Z
(2)
SQED2
=  i 1
4 sinhm sinh
: (4.9)
The combination
ZSQED2 = Z
(1)
SQED2
+ Z
(2)
SQED2
(4.10)
is better behaved than the two individual terms, as it is non-singular for m ! 0 and for
 ! 0.
We identify the two terms to the two vacua of the theory, where either of the two
hypermultiplets gets a vev to satisfy the moment map relations, and one has to set either
~ = 0 or ~+ ~m = 0. The avour moment maps are then either 0 or  ~, leading to central
charges 0 or  ~m~.
This matches the above exponential prefactors.
4.2.1 Higgs correlators
The quantum Hamiltonian reduction enforces
X1Y1 + Y1X1 +X2Y2 + Y2X2 = 2i: (4.11)
The Higgs branch algebra is generated by the remaining mesons:
F = X1Y2; H = X1Y1  X2Y2; E = X2Y1 (4.12)
with
[F;H] = 2F; [E;H] =  2E; [E;F ] = H (4.13)
and
(H + i + 1)( H + i   1) = 4X1Y1Y2X2 = 4FE (4.14)
i.e.
(H + i   1)( H + i + 1) = 4X2Y2Y1X1 = 4EF: (4.15)
It is the quotient of the universal enveloping algebra U(sl2) by a constraint xing the
Casimir to  14(2 + 1), i.e. the spin to  12  i2.
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The mass m is the fugacity for the avour symmetry generated by
1
2
(X2Y2 + Y2X2) =
1
2
(i  H): (4.16)
The quantum Higgs branch algebra has two Verma modules, highest weight with spins
 12  i2, which we associate to the two vacua. The two vacua of the theory should
correspond to the two Verma modules for the quantum Higgs branch algebra. For positive
mass, we can look at modules generated by a vector annihilated by E. That must have
either H = i   1 and thus fugacity power
e 2mq = e m(i H) (4.17)
which is either e m or e m 2im . Every extra power of F gives an extra factor of e 2m.
We can thus write
ZSQED2 = i
1
2 sinh
H1 (m; )  i
1
2 sinh
H2 (m; ) (4.18)
in terms of twisted characters Hi (m; ) of the Higgs branch Verma modules, as expected.
We expect Higgs correlators to admit a similar decomposition:
hOHiS3 = i
1
2 sinh
hOHi1   i 1
2 sinh
hOHi2: (4.19)
The coecients here have the same -dependence, but this does not need to be true in
general. It is due to the fact that the theory has a symmetry exchanging the two vacua.
4.2.2 Coulomb correlators
The Coulomb branch algebra is now generated by
vz = (z  1)v;
v+v  =

z +
1
2

z   im+ 1
2

;
v v+ =

z   1
2

z   im  1
2

: (4.20)
Highest or lowest weight Verma modules can be built from a vector annihilated by v  or
from a vector annihilated by v+.
A vector annihilated by v  must have eigenvalues z =  12 or z = im  12 . The action of
v+ further lowers the z eigenvalue, so the twisted trace involves a sum over terms weighted
by e2(n+
1
2
) or e 2im+2(n+
1
2
).
Similarly, a vector annihilated by v+ must have eigenvalues z = +
1
2 or z = im +
1
2 .
The action of v  further raises the z eigenvalue, so the twisted trace involves a sum over
terms weighted by e 2(n+
1
2
) or e 2im 2(n+
1
2
).
This is all consistent with the sum over residues, so we can write consistently something
like
ZSQED2 =
i
2 sinhm
C1 (;m) 
i
2 sinhm
C2 (;m) (4.21)
in terms of twisted characters Ci (;m) of the Coulomb branch Verma module and we also
have
hp(z)i = i
2 sinhm
hp(z)iV1  
i
2 sinhm
hp(z)iV2 : (4.22)
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4.3 SQED3
The S3 partition function is
ZSQED3 =
Z 1
 1
dx
e2ix
chx ch(x+m1) ch(x+m2)
: (4.23)
For positive , one can choose three towers of poles:
 At x =  n+ 12 i we obtain
Z
(1)
SQED3
=   1
shm1shm2ch
: (4.24)
 At x =  m1 +
 
n+ 12

i we obtain
Z
(2)
SQED3
=   e
 2im1
shm1sh(m1  m2)ch : (4.25)
 At x =  m2 +
 
n+ 12

i we obtain
Z
(3)
SQED3
=   e
 2im2
shm2sh(m2  m1)ch : (4.26)
The sum
ZSQED3 = Z
(1)
SQED3
+ Z
(2)
SQED3
+ Z
(3)
SQED3
(4.27)
is much better behaved than the individual terms. For example, it is nite as mi ! 0 or
 !  i2 .
The three towers of poles correspond to the three vacua of the theory. The three
exponential prefactors 1, e 2im1 , e 2im2 describe the central charges in the vacua.
4.3.1 Higgs correlators
When we compute the correlation functions of Higgs branch local operators, the quantum
Hamiltonian reduction requires that
3X
i=1
XiYi + YiXi = 2i: (4.28)
The quantized Higgs branch algebra is identied with a quotient of the universal enveloping
algebra of sl3 whose Chevalley-Serre generators are
F1 = X1Y2; H1 = X1Y1  X2Y2; E1 = X2Y1;
F2 = X2Y3; H2 = X2Y2  X3Y3; E2 = X3Y2;
F3 = [F2; F1] = X1Y3; E3 = [E1; E2] = X3Y1: (4.29)
They obey
[Fi; Hj ] = 2Fiij ; [Ei; Hj ] =  2Eiij ; [Ei; Fj ] = Hiij ; i = 1; 2 (4.30)
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and 
2H1 +H2 + i +
3
2

 H1 +H2 + i   3
2

= 9X1Y1Y2X2 = 9F1E1;
 H1 +H2 + i + 3
2

 H1   2H2 + i   3
2

= 9X2Y2Y3X3 = 9F2E2;
2H1 +H2 + i +
3
2

 H1   2H2 + i   3
2

= 9X1Y1Y3X3 = 9F3E3: (4.31)
The masses m1 and m2 are associated with the avour charges
q1 =
1
2
(X2Y2 + Y2X2) =  1
3
(H1  H2) + i
3
;
q2 =
1
2
(X3Y3 + Y3X3) =  1
3
(H1 + 2H2) +
i
3
: (4.32)
Three vacua of the theory admit the three Verma modules for the quantized Higgs
branch algebra. For positive masses m1 and m2, the modules can be built from a vector
annihilated by E1, E2 and E3. It should have either (q1; q2) = (
1
2 ;
1
2) or ( 12 ; i + 1) or
(i; 12) and the fugacity power
e 2(m1q1+m2q2) = e
2m1(H1 2H2)
3
  2im1
3
+
2m2(H1+2H2)
3
  2im2
3 (4.33)
is either e (m1+m2) or e(m1 m2) 2im2 or e m2 2im1 . By acting with F1 and F2, an
extra factor of e 2m1 and e 2m2 appear.
Thus we can write the S3 partition function
ZSQED3 =  
1
ch
H1 (mi; ) 
1
ch
H2 (mi; ) 
1
ch
H3 (mi; ) (4.34)
in terms of the twisted characters Hi (mi; ) of the Verma modules for the Higgs branch
algebra.
4.3.2 Coulomb correlators
We can address the correlation function of Coulomb branch operators from the Coulomb
branch algebra
vz = (z  1)v;
v+v  =

z +
1
2

z   im1 + 1
2

z   im2 + 1
2

;
v v+ =

z   1
2

z   im1   1
2

z   im2   1
2

: (4.35)
Highest (resp. lowest) weight Verma modules can be constructed from a vector anni-
hilated by v  (resp. v+) with the eigenvalues z =  12 or ima  12 (resp. z = 12 or ima + 12).
The action of v+ (resp. v ) decreases (resp. increases) the z eigenvalues so that the twisted
trace is a sum over terms weighted by e2(n+
1
2
) or e 2imi+2(n+
1
2
) (resp. e 2(n+
1
2
) or
e 2imi 2(n+
1
2
)).
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Hence we can write
ZSQED3 =  
1
shm1shm2
C1 (;mi) 
1
shm1sh(m1  m2)
C
2 (;mi)
+
1
shm2sh(m1  m2)
C
3 (;mi) (4.36)
where Ci (;mi) are the twisted characters of the Verma module of quantum Coulomb
branch algebra.
4.4 General Abelian theory
Now consider the general Abelian gauge theory with gauge group G =
Qr
i=1 U(1)i and N
hypermultiplets (XA; Y A) with A = 1;    ; N carrying charges (QiA; QiA) under the U(1)i.
The theory has avour symmetry GH =
QN r
a=1 U(1)a that rotates the hypermultiplets
(XA; Y A) with charges (qaA; qaA). We assume all charges to be integral.
The topological symmetry of the theory is classically GC = U(1)
r that shifts the dual
photons. We dene a square N N matrix
Q =

Q q

(4.37)
so that QIA is Q
I
A for I = 1;    ; r and qI rA for I = r+1;    ; N . We can introduce (N  r)
mass parameters maA for each U(1)a factor in the avour symmetry group GH = U(1)
N r.
For example, the matrix (4.37) for SQEDNf is
Q =
0BBBBBB@
1 0 0    0
1 1 0    0
1 0 1    0
1 0 0
. . . 0
1 0 0    1
1CCCCCCA : (4.38)
In a massive trivial vacuum, a collection of r hypermultiplets gain a vev. The gauge
symmetry is completely Higgsed i the restriction Q^ of the charge matrix to the hypers
which gain a vev has determinant 1. We assume the theory has massive trivial vacua only.
The S3 partition function takes the form:
ZAbelian =
rY
i=1
Z 1
 1
dxi
e2i
Pr
i=1 xii
2N
QN
A=1 cosh(
Pr
i=1Q
i
Axi  
PN r
a=1 q
a
Ama)
: (4.39)
The factor cosh (
Pr
i=1Q
i
Axi +
PN r
a=1 q
a
Ama) in the denominator corresponds to the A-th
hypermultiplet.
Mirror symmetry of Abelian theories is implemented in the special sphere partition
function simply by a Fourier transform of the cosh factors, to
ZAbelian =
rY
i=1
Z 1
 1
dxi
NY
A=1
Z 1
 1
dsA
e2i
Pr
i=1 xii 2i
PN
A=1 sA(
Pr
i=1Q
i
Axi 
PN r
a=1 q
a
Ama)
2N
QN
A=1 coshsA
:
(4.40)
and then doing the xi integrals to produce  functions.
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Once we give i, say, a positive imaginary part and close the contour at innity, the
relevant residues indeed come in families labelled by the massive vacua. We can pick a
vacuum and decompose the matrices Q and q as
Q =
 bQeQ
!
; q =
 bqeq
!
(4.41)
where bQ and eQ are r r and (N   r) r matrices which encode the gauge charges for the
hypers which get vevs and those for the others respectively. Similarly, bq are the r (N  r)
and (N   r)  (N   r) matrices which describe the avour charges for the hypers with
vevs and for the others respectively. The matrix bQ corresponds to a certain collection of
hypermultiplets which get vevs.
The residues sit at  bQx  bqm
j
=

nj +
1
2

i: (4.42)
Because of the assumption det bQ = 1, the inverse bQ 1 is a matrix of integers and thus the
locations of the poles in the family dier by integer multiples of i. The residues will dier
at most by a sign and a factor exp 2i  bQ 1n.
Furthermore, det bQ = 1 also insures the absence of a Jacobian factor in evaluating the
residue. The residues within each family will thus resum to
Z
bQ
Abelian =
1
2N
(4.43)
 e
2ibT bQ 1bqm
Q
j

e(
bQ 1)j+( 1)Pa( eQ bQ 1)aj e ( bQ 1)j

2
Q
a cosh
h eQ bQ 1bq eqm+Pj i2( eQ bQ 1)jia
:
5 SQCD
Consider SQCD with gauge group G = U(Nc) and Nf hypermultiplets (X

i ; Y
i
) with
i = 1;    ; Nc and  = 1;    ; Nf in the fundamental representation of the gauge group,
i.e. R ' (T CNc)Nf ' T CNcNf . It has a topological symmetry GC = U(1)t and a Higgs
branch avour symmetry GH = PSU(Nf ).
The massive vacua are associated to a vev for Nc out of Nf hypers, Higgsing the gauge
group completely. There are
 Nf
Nc

of them.
The S3 partition function is given by
Z(Nc) [Nf ] =
1
Nc!
Z NcY
i=1
dxi
Q
i<j sh
2(xi   xj)e2i
PNc
i=1 xiQNc
i=1
QNf
=1 ch(xi  m)
: (5.1)
For good and ugly theories classied in [61], the matrix model (5.1) is convergent for
any real FI parameter . When  is positive, we can choose poles at
xl = mil +

nl +
1
2

i (5.2)
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where the integers il with l = 1;    ; Nc should be distinct to avoid vanishing Vandermonde
factors. We can complete them to a permutation of Nf integers
(i1; i2;    ; iNc ;    ; iNf ) = ((1); (2);    ; (Nc);    ; (Nf )): (5.3)
in some arbitrary way.
From the poles at (5.2) we obtain the contribution
Z
()
(Nc) [Nf ] =
i Nc(Nf+1)e2i
PNc
j=1m(j) 
e + ( 1)Nf 1e NcQNcj=1QNfk=Nc+1 sh(m(j)  m(k)) : (5.4)
As a result, the S3 partition function is expressed as a sum over the vacua [62]
Z(Nc) [Nf ] =
X
2SNf =(SNcSNf Nc )
i Nc(Nf+1)e2i
PNc
j=1m(j) 
e +( 1)Nf 1e NcQNcj=1QNfk=Nc+1 sh(m(j) m(k)) :
(5.5)
6 A richer non-Abelian example
6.1 T [SU(N)]
The T [SU(N)] originally introduced in [61] is a linear quiver gauge theory with a gauge
group G =
QN 1
=1 U() and hypermultiplets transforming in bifundamental representations
for all adjacent nodes. It has N ! vacua labelled by all possible ways to pair up masses and
FI parameters.
The S3 partition function takes the form
ZT [SU(N)] =
Z
dx(1)  1
2
Z
dx
(2)
1 dx
(2)
2     
1
(N   1)!
Z N 1Y
i=1
dx
(N 1)
i (6.1)

QN 1
k=2
Qk
i<j sh
2(x
(k)
i   x(k)j )e2i(1x
(1)+2(x
(1)
1 +x
(2)
2 )++N 1(x(N 1)1 ++x(N 1)N 1 ))Q2
j=1 ch(x
(2)
j   x(1))   
Qk
i=1
Qk 1
j=1 ch(x
(k)
i   x(k 1)j )   
QN
i=1
QN 1
j=1 ch(mi   x(N 1)j )
:
For i > 0 we can pick up the poles at
x
(k)
l = mil +
N 1X
i=k

n
(i)
l +
1
2

i; l = 1;    ; k (6.2)
where the integers il with l = 1;    ; N   1 are obtained by permuting (N   1) integers:
(i1; i2; i3;    ; iN 1) = ((1); (2); (3);    ; (N   1)): (6.3)
From the sequence of poles (6.2) and their permutations the combinatorial factors in front
of the integral (6.1) are cancelled so that we get the contribution
Z
()
T [SU(N)] =
( 1)()e2i
PN 1
l=1 mil (N 1++l)
i
N(N 1)
2
Q
i<j sh(mi  mj)
QN 1
k=1
Qk
l=1 sh(k + k 1 +   + l)
: (6.4)
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Since the sequence of poles (6.2) is labelled by  2 SN , the S3 partition function (6.1)
is expressed as a sum over the permutation group elements
ZT [SU(N)] =
X
2SN
( 1)()e2i
PN 1
l=1 m(l)(N 1++l)
i
N(N 1)
2
Q
i<j sh(mi  mj)
QN 1
k=1
Qk
l=1 sh(k + k 1 +   + l)
: (6.5)
By introducing variables
i = ei   ei+1; NX
i
ei = 0; i = 1; 2;    ; N   1 (6.6)
the S3 partition function (6.5) takes the form of a sum over vacua [63{65]
ZT [SU(N)] =
X
2SN 1
( 1)()e2i
PN
i=1m(i)(
ei eN )
i
N(N 1)
2
Q
i<j sh(mi  mj)
Q
i<j sh(
ei   ej) : (6.7)
The quantum Higgs and Coulomb branch algebras are both quotients of the universal
enveloping algebra of su(N) by an ideal generated by the Casimirs. Correspondingly, they
have N ! Verma modules, generated freely by the raising operators in the Lie algebra. We
recognize this structure in the denominator factors above.
6.2 T [G]
It has been proposed in [66] that the S3 partition function of T [G] takes the form
ZT [G] =
X
w2W(G)
( 1)l(w)e2i(w(m))
i
d
2
Q
2+ sh( m)
Q
2+ sh(  )
(6.8)
where l(w) is the length of an element w in a Weyl group W(G) of G and d is the complex
dimension of the Coulomb branch or equivalently that of the Higgs branch, at least when
the gauge algebra g is self-Langlands dual.
This generalizes the formula (6.7) of the S3 partition function for T [SU(N)], and again
takes the form of a sum over products of character of Verma modules for the quantum Higgs
and Coulomb branch algebra, which are both quotients of the universal enveloping algebra
of g by an ideal generated by the Casimirs.
7 ADHM with one avour
Consider N D2-branes which sit on top of a D6-brane in Type IIA string theory. The
world-volume theory of the D2-branes is a 3d N = 4 U(N) gauge theory described by the
ADHM quiver with one adjoint hypermultiplet (X;Y ) and one fundamental hypermultiplet
(I; J). This is a self-mirror theory.
The vacua of the ADHM quiver are labelled by Young diagrams with N boxes. The
diagrams control the pattern of embedding of the U(1) avour symmetry into the Cartan of
the gauge symmetry. The embedding is given by N integers and the sequence of diagonal
lengths `p of the Young diagram tells us that the embedding includes `p times the integer p.
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When looking for the corresponding collection of residues of the integral, that means
that `p of the x will take values which dier from pm by some (half)integral multiple of
i. The `0 eigenvalues can give poles in denominator factors from the fundamental hyper.
Dierences of `p+1 and `p eigenvalues can give poles in denominator factors from the adjoint
hyper. The Vandermonde factors can cancel some of the denominator factors and thus may
require one to combine multiple denominator factors to get an overall simple pole.
All of these constraints match the form of the Coulomb branch Verma modules, de-
scribed i.e. in [67], so that we have the expected one-to-one correspondence between residues
and basis elements in the Verma module with weights  ix.
We will show now some explicit examples.
7.1 N=1
Up to a decoupled hyper, this is the same as the SQED with one avour. The S3 partition
function is
ZADHM1 =
Z 1
 1
dx
e2ix
4 coshm coshx
=
1
chmch
(7.1)
obviously self-mirror.
7.2 N=2
For N = 2 the S3 partition function takes the form
ZADHM2 =
1
2
Z
dx1dx2
sh2(x1   x2)e2i(x1+x2)
ch2m ch(x1   x2 +m)ch(x2   x1 +m)chx1chx2
: (7.2)
We cannot get a pole from both ch x1 and chx2, as that would cause a zero from the
Vandermonde. We can instead have a pole from ch x1 and one from ch (x2   x1 +m), or a
pole from chx1 and one from ch (x2  x1 m). The alternative x1 $ x2 is equivalent, and
cancels the 12 combinatorial factor in front of the integral.
The two contributions thus require x1 = i(n1 +
1
2), x2 =  m + i(n1 + 12) + i(n2 + 12)
(say with both summands positive) or x1 = i(n1 +
1
2), x2 = m + i(n1 +
1
2) + i(n2 +
1
2).
These sequences of poles correspond to the two Young diagrams and respectively.
For the rst sequence, the remaining integrand factors give e2( 2(n1+
1
2
) (n2+ 12 ) im),
an appropriate sign and a prefactor 1chmch2m . Then the summation gives
Z
ADHM2
= i
e 2im
sh2m  chm  sh2  ch : (7.3)
The second series gives
Z
ADHM2
=  i e
2im
sh2m  chm  sh2  ch : (7.4)
The sum
ZADHM2 = ZADHM2 + ZADHM2
=
1
32
sin(2m)
sinh(m)  cosh2(m) sinh() cosh2() (7.5)
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behaves nicely for m! 0 and for  ! 0 so that we have
ZADHM2
m;!0    ! 1
16
: (7.6)
The -dependence automatically matches the Coulomb Verma module characters, and
by mirror symmetry so does the m dependence.
7.3 N=3
The S3 partition function reads
ZADHM3 =
1
3!
Z 3Y
i=1
dxi
Q
i<j sh
2(xi   xj)e2i
P3
i=1 xiQ3
i;j=1 ch(xi   xj  m)
Q3
i=1 chxi
: (7.7)
There are three sequences of poles which contribute to the partition function, which
correspond to the Young diagrams , and . Under the permutation of xi, the same
contributions cancel the 13! combinatorial factor in the front of the integral.
 At x1 = i
 
n1 +
1
2

, x2 =  m + i
 
n1 +
1
2

+ i
 
n2 +
1
2

, x3 =  2m + i
 
n1 +
1
2

+
i
 
n2 +
1
2

+ i
 
n3 +
1
2

, we get
Z
ADHM3
=  i e
 6im
ch3m  sh2m  chm  ch3  sh2  ch : (7.8)
 At x1 = i
 
n1 +
1
2

, x2 =  m+i
 
n1 +
1
2

+i
 
n2 +
1
2

, x3 = m+i
 
n1 +
1
2

+i
 
n3 +
1
2

,
we have
Z
ADHM3
=
1
ch3m  ch2m  ch3  ch2 : (7.9)
 At x1 = i
 
n1 +
1
2

, x2 = m + i
 
n1 +
1
2

+ i
 
n2 +
1
2

, x3 = 2m + i
 
n1 +
1
2

+
i
 
n2 +
1
2

+ i
 
n3 +
1
2

, we obtain
Z
ADHM3
= i
e6im
ch3m  sh2m  chm  ch3  sh2  ch : (7.10)
The combination
ZADHM3 = ZADHM3 + ZADHM3 + ZADHM3
=
1
64
1
cosh(m) cosh()   2 sin(6m)sinh(2m) sinh(2)
cosh(m) cosh(3m) cosh() cosh(3)
(7.11)
has a good behavior for m! 0 and for  ! 0 so that
ZADHM3
m;!0    !    3
64
: (7.12)
This is the rst example where we have three vacua which are not related by some
symmetry. It seems apparent that vacua are labelled by the same Young diagram on the
Coulomb and Higgs sides.
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7.4 N=4
Let us continue computation of the S3 partition function for N = 4. It is given by the
integral
ZADHM4 =
1
4!
Z 4Y
i=1
dxi
Q
i<j sh
2(xi   xj)e2i
P4
i=1 xiQ4
i;j=1 ch(xi   xj  m)
Q4
i=1 chxi
: (7.13)
There are ve sequences of poles to be chosen. They are labelled by the Young diagrams
, , , and . For each of sequences permuting xi, we get the same
contributions which cancel the 14! combinatorial factor in the front of the integral.
 At x1 = i
 
n1 +
1
2

, x2 =  m + i
 
n1 +
1
2

+ i
 
n2 +
1
2

, x3 =  2m + i
 
n1 +
1
2

+
i
 
n2 +
1
2

+ i
 
n3 +
1
2

, x4 =  3m+ i
 
n1 +
1
2

+ i
 
n2 +
1
2

+ i
 
n3 +
1
2

+ i
 
n4 +
1
2

,
we obtain
Z
ADHM4
=   e
 12im
sh4m  ch3m  sh2m  chm  sh4  ch3  sh2  ch : (7.14)
 At x1 = i
 
n1 +
1
2

, x2 =  m + i
 
n1 +
1
2

+ i
 
n2 +
1
2

, x3 =  2m + i
 
n1 +
1
2

+
i
 
n2 +
1
2

+ i
 
n3 +
1
2

, x4 = m+ i
 
n1 +
1
2

+ i
 
n4 +
1
2

, we get
Z
ADHM4
=   e
 4im
sh4m  sh2m  ch2m  sh4  sh2  ch2 : (7.15)
 At x1 = i
 
n1 +
1
2

, x2 =  m+i
 
n1 +
1
2

+i
 
n2 +
1
2

, x3 = m+i
 
n1 +
1
2

+i
 
n3 +
1
2

,
x4 = i
 
n2 +
1
2

+ i
 
n3 +
1
2

+ i
 
n4 +
1
2

, we have
Z
ADHM4
=
1
ch3m  sh22m  chm  ch3  sh22  ch : (7.16)
 At x1 = i
 
n1 +
1
2

, x2 =  m+i
 
n1 +
1
2

+i
 
n2 +
1
2

, x3 = m+i
 
n1 +
1
2

+i
 
n3 +
1
2

,
x4 = 2m+ i
 
n1 +
1
2

+ i
 
n3 +
1
2

+ i
 
n4 +
1
2

, we nd
Z
ADHM4
=   e
4im
sh4m  sh2m  ch2m  sh4  sh2  ch2 : (7.17)
 At x1 = i
 
n1 +
1
2

, x2 = m + i
 
n1 +
1
2

+ i
 
n2 +
1
2

, x3 = 2m + i
 
n1 +
1
2

+
i
 
n2 +
1
2

+ i
 
n3 +
1
2

, x4 = 3m + i
 
n1 +
1
2

+ i
 
n2 +
1
2

+ i
 
n3 +
1
2

+ i
 
n4 +
1
2

,
we obtain
Z
ADHM4
=   e
12im
sh4m  ch3m  sh2m  chm  sh4  ch3  sh2  ch : (7.18)
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The S3 partition function is expressed as a sum
ZADHM4 = ZADHM4 + ZADHM4 + ZADHM4 + ZADHM4 + ZADHM4 (7.19)
=
1
256
1
sinh(2m) sinh(2) cosh(m) cosh()

"
1
sinh(2m) sinh(2) cosh(3m) cosh(3)
  2
sinh(4m) sinh(4)

cos(4m)
cosh(m) cosh()
+
cos(12m)
cosh(3m) cosh(3)
#
which is well-behaved for m! 0 and for  ! 0 so that
ZADHM4
m;!0    !   1
1024
+
5
5282
: (7.20)
Again, it seems apparent that vacua are labelled by the same Young diagram on the
Coulomb and Higgs sides.
7.5 General N
The S3 partition function reads
ZADHMN =
1
N !
Z NY
i=1
dxi
Q
i<j sh
2(xi   xj)e2i
PN
i=1 xiQN
i;j=1 ch(xi   xj  m)
QN
i=1 chxi
: (7.21)
The poles of integrand can be specied by the Young diagram  = (1;    ; 01) with N
boxes. For the poles encoded by the Young diagram we can relabel the gauge fugacities xi by
xk;a =
(
 km+Pa 1=1  n;jkj+a + 12 i+Pjkj+a=1  na; + 12 i for k  0
 km+Pjkj+a 1=1  n;a + 12 i+Pa=1  njkj+a; + 12 i for k < 0
=
(
 km+Pa 1=1 n;jkj+ai+Pjkj+a=1 na;i+ (jkj+ 2a  1) i2 for k  0
 km+Pjkj+a 1=1 n;ai+Pa=1 njkj+a;i+ (jkj+ 2a  1) i2 for k < 0 : (7.22)
Here the integers k =  (01   1);    ; 1; 0; 1;    ; (1   1) index the diagonals of Young
diagram and the positive integers a = 1;    ; nk label the boxes in the k-th diagonal from
the top left one with nk being the number of k-th diagonals of the Young diagram. The
integer n; = 0; 1;    corresponds to the tower of poles associated to the box at -th row
and -th column.
We nd that the S3 partition function (7.21) is given by a sum over the Young diagrams
:
ZADHMN =
X

C1
C2C3
e 2im
P
j jnjQ1
k=1 (e
km   ( 1)ke km)dk  (ek   ( 1)ke k)dk
(7.23)
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where
C1 =
(
 1 for N  2 mod 4
1 otherwise
; (7.24)
C2 =
1 1Y
k= (01 1)
1 1Y
l= (01 1)
l 6=k 1
nkY
a=1
nlY
b=1

k   l   1
jk   l   1je
 i
2
(jkj jlj+2(a b))
; (7.25)
C3 =
1 1Y
k= (01 1)
k 6=0
nkY
a=1

k
jkje
 i
2
jkj+2a 1
; (7.26)
dk = nk + n k  
X
l
(nl   nl 1)(nl+k + nl k): (7.27)
Alternatively, the S3 partition function (7.23) can be written as
ZADHMN =
X

C1
C2C3
em
P
i i( i+2i 1)
Y
b2
e(m+)h(b) 
1  ( e2m)h(b)  1  ( e2)h(b) (7.28)
where we have rewritten the numerator by using the relationX
k
knk =
1
2
X
i
i(i   2i+ 1): (7.29)
Here h(b) is the hook-length of a box b at the i-th row and j-th column in a Young diagram
 which is dened as the number of boxes below and to the right of b including b itself:
h(b) = i + 
0
j   i  j + 1: (7.30)
For example, the Young diagram  = (5; 4; 2; 2; 1) for N = 14 has the hook-lengths
9 7 4 3 1
7 5 2 1
4 2
3 1
1
(7.31)
7.5.1 Comparison with Schur functions
The quantum Coulomb branch algebra AC1;2 of ADHM theory with one avour is con-
structed from variables wk;a, vk;a and has the monopole operators [68]
Ek;t =
NkX
a=0
Q
bwk;a   wk 1;b   2Q
b 6=awk;a   wk;b
wtk;avk;a; (7.32)
Fk;t =
NkX
a=0
Q
bwk;a   wk+1;b + 2Q
b 6=awk;a   wk;b
v 1k;aw
t+0;k
k;a ; (7.33)
for a decomposition
P
kNk = N . The Verma module V of the quantum Coulomb branch
algebra AC1;2 of the ADHM theory with one avour is labelled by the Young diagram
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 = (1; 2;    ). It is generated from vectors annihilated by all Fk;t and has a basis of the
form jnk;ai which are eigenvectors for wk;a [67]
wk;ajnk;ai = [2c  (1 + 2)r   1nk;a] jnk;ai (7.34)
where c and r stand for the column and row to which the corresponding box belongs.
We nd that the twisted character of the Verma module V of the Coulomb branch
algebra AC1;2 of the ADHM theory with one avour is given by
C1;2;() = TrV( 1)
P
nk;ae 2
P
wk;a
=
e21n()e 22
P
j jnjQ
b2
 
1  ( e21)h(b) (7.35)
where
n() =
X
i
(i  1)i: (7.36)
For example, for N = 4 with the decomposition N0 = N 1 = N1 = N2 = 1 we have
the eigenvectors with
w0;0jn0;0i =  1n0;0jn0;0i;
w 1;0jn 1;0i = ( (1 + 2)  1n 1;0) jn 1;0i;
w1;0jn1;0i = (2   1n1;0)jn1;0i;
w2;0jn2;0i = (22   1n2;0)jn2;0i: (7.37)
This Verma module is labelled by the Young diagram . We can directly compute the
twisted Verma character as
C
1;2;
() = TrV ( 1)n0;0+n 1;0+n1;0+n2;0e 2(w0;0+w 1;0+w1;0+w2;0)
=
1X
n0;0=0
X
n 1;0n0;0
X
n1;0n0;0
X
n2;0n1;0
( 1)n0;0+n 1;0+n1;0+n2;0e2(1 22)e21(n0;0+n 1;0+n1;0+n2;0)
=
e 42+21
(1+e21)2(1 e41)(1 e81) ; (7.38)
which can be reproduced from the character formula (7.35). The twisted Verma charac-
ter (7.38) shows up in the residues (7.15) at poles labelled by Young diagram for
N = 4.
As we expect, we see that the S3 partition function (7.28) takes the form of a sum
over products of the twisted character (7.35) of the Verma modules V for the quantum
Higgs and Coulomb branch algebra, which are both identied with the spherical part of
the rational Cherednik algebra associated with the Weyl group [68].
Note that the Schur function of variables (1; q; q2;    ) can be expressed as [69, 70]
s(1; q; q
2;    ) = q
n()Q
b2(1  qh(b))
(7.39)
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0 1 1 2
1 2 2
2 3
(a) (b) (c)
Figure 3. (a) Young diagram  = (4; 3; 2). (b) Reverse plane partition . (c) Crystal built from
 with jj = 14 blocks.
For example, for the Young diagram  = (5; 4; 2; 2; 1) for N = 14 with the hook-
lengths (7.31) the Schur function (7.39) is
s(5;4;2;2;1)(1; q; q
2;    ) = q
18
(1  q)4(1  q2)2(1  q3)2(1  q4)2(1  q5)(1  q7)2(1  q9) :
(7.40)
Making use of the formula (7.39), the Verma character (7.35) can be expressed in terms of
Schur function:
C1;2;() = ( 1)n()e 22
P
j jnjs

1; ( e21); ( e21)2;   

: (7.41)
7.5.2 Reverse plane partition
The expression (7.28) provides us with an interesting view of the S3 partition function of
ADHM gauge theory in terms of a weak reverse plane partition. A reverse plane partition
of a Young diagram  is a plane partition which lls the boxes with the non-negative
integers in such a way that the entries in rows and columns are weakly increasing. When
it admits 0 as a part, it is called weak reverse plane partition.
Let  be weak reverse partition and jj be the sum of the entries in . The generating
function for weak reverse plane partitions of Young diagram  is given by [69, 70]8X
2RPP
qjj =
Y
b2
1
1  qh(b) : (7.43)
We can view the numbers in the entries in weak reverse partition as the heights of
blocks placed on each box of the Young diagram . Then we can build up the associated
three-dimensional crystal for  where the total number of blocks is equal to jj (see gure 3).
8The generating function of all plane partitions is given by McMahon functionX
2PP
qjj =
Y
i1
1
(1  qi)i : (7.42)
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In terms of the generating function of weak reverse plane partitions, we can express
the Verma character (7.35) of Coulomb branch algebra C(N)1;2 as
C1;2;() = e
 22
P
j jnje21n()
X
2RPP
( e21jj) (7.44)
and the S3 partition function (7.28) of ADHM theory as
ZADHMN =
X

C1
C2C3
e(m+)
P1
k=1 kdke 2im
P
j jnj
X
2RPP
( e2mjj)
X
2RPP
( e2jj):
(7.45)
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A Comparison to the Schur correlators
The Schur index of a 4d theory is an elliptic variant of the S3 partition function. The
2 coshx factors are replaced by theta functions
1Y
i=0
(1 + qn+
1
2 )(1 +  1qn+
1
2 ) (A.1)
and the Vandermonde 2 sinh 2x by
(    1)
1Y
i=1
(1  qn)(1   1qn): (A.2)
The contour integral runs along jj = 1 contours, as it is a projection on gauge invariant
operators. The measure is
1Y
i=1
(1  qn) d
2i
: (A.3)
FI parameters are usually not included, as U(1) gauge factors are IR free and have Landau
poles. They would insert some  factor which would be anyway troublesome with the
standard integration contour unless  is integer.
The Coulomb branch (line) operators admit an Abelianized description analogous to
the one for the 3d quantized Coulomb branch,
LC =
X
n
Rn(; )vn (A.4)
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except that the vn multiply i by q
ni . Again, the Schur correlation function is computed
by inserting R0(; ) in the contour integral.
The twisted trace property still holds, but the twisting involves a rotation by U(1)r
by 2. When the theory is not conformal, U(1)r itself is anomalous but the twisting
transformation is still well-dened. In gauge theories, for example, it maps to some integral
shift of the  angle, which shifts the electric charges of monopole line defects.
For theories of class S associated to a surface  and Lie algebra g, the quantized
Coulomb branch algebra is the quantization of the algebra of functions on the character
variety of complex at g local systems on .
Concretely, generators can be depicted as closed networks of g Wilson lines drawn in
  R, modulo skein relations for g. They are composed simply by concatenation along
the R direction. A natural way to produce traces is to consider some kind of (analytically
continued) Chern-Simons theory on S1, adjusted to account for the twisting. It should
be possible to connect such a construction to the Schur index, perhaps using the strategy
of [71, 72].
B Specializing S3b
A 3d N = 2 chiral multiplet of mass x contributes a factor of [3]
sb

ib
2
+
i
2b
  x


Q1
m;n=1(mb+ nb
 1 + ix)Q1
m;n=0(mb+ nb
 1   ix) (B.1)
to the ellipsoid integral.
An hypermultiplet will contribute
sb

ib
2
+
i
2b
  x  y

sb

ib
2
+
i
2b
+ x  y

=
sb(
ib
2 +
i
2b + x  y)
sb(x+ y   ib2   i2b)
; (B.2)
where y is the mass for the extra R-symmetry generator.
If we set y = i2b , this reduces to
sb(
ib
2 + x)
sb(x  ib2 )
=
1
2 coshbx
(B.3)
which is what appears in the special sphere partition function, with bx! x.
In a similar way, a 3d N = 2 gauge multiplet contributes a Vandermonde factor of
4 sinhbx sinhb 1x. The full vectormultiplet corrects that to
sb

2y   ib
2
  i
2b
+ x

sb

2y   ib
2
  i
2b
  x

sinhbx sinhb 1x (B.4)
which simplies at y = i2b to the desired 4 sinh
2 bx.
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